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Abstract—We present a method for searching for simple
achordal open paths (snakes) in n-dimensional hypercube
graphs (the box). Our technique first obtains exemplary snaks 0011
using an evolutionary algorithm previously responsible fo 0001
defining the best-known lower bounds inn-cubes for n = 9, 10, 1101 "
11, and 12. These snakes are used to define a pruning model 1001 011
that constrains the search space. A depth-first search sedrc
of the constrained solution space has established a new lowe 1100
bound for the length of the longest snakes in the 9 and 10
dimensional hypercubes.
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|I. INTRODUCTION

The snake-in-the-box problem is that of establishing the 0000 o010
longestinduced pathin an n-dimensionalhypercube. The
longest such path for the dimension-4 hypercube is illtestra
in Figure 1. The problem was first described in a paper
by Kautz in the late 50’s, and was noted for its relevance . . .
to coding theory [7]. More recently, snakes have been cxg/ay that the bln:_:\ry ve_ctor_s of adjacent nodes always differ
use in algorithms for disjunctive normal form simplificatio y exgctly one bit, .as in Figure 1 ] )
electronic combination locking mechanisms, error-désect ~ An induced pathin Q,, as defined in [3], is a sequence
and analog-to-digital conversion [8][9]. _of nodesP such that for any_J,veP, if uandv are adjacent

Many computational search techniques have been eff-Qn then they are also adjacent i
ployed to discover lengthy snakes and coils. These includeA path is expressed inode sequenceepresentation if it
exhaustive search [4][9], Genetic Algorithms [10], distried is a vector of base-10 integers corresponding to the binary
computing [6], and other evolutionary algorithms [3]. Oudabels on each node in the path. The node sequence of the
technique for finding lengthy snakes is a constrained depgake in Figure 1i§0 137 6 14 12 13.
first search. The depth first search is constrained condilyera A path is expressed itransition sequenceepresentation
using the methods described by Kochut [9]. However, thi§ it is a vector of integers in the range 0..n-1 [1]. These
still leaves us with a search space that is intractable bgtegers correspond to the index of the bit in the bit string
exhaustive search. Consequently, we have introduced novieat was flipped to grow the snake from one node to the next.
pruning measures to further constrain the search spadée index of the least significant bit is 0 and that of the most
We first obtain very good solutions using the evolutionargignificant bit is n-1. The transition sequence of the snake i
algorithm for the snake-in-the-box problem described i [3Figure 1is{0 1203 1 Q.

These snakes are then used to define criteria to which snakeshe term “Snake in the Box” (derived from the visualiza-

must adhere in every point of the search. These criteria &jign of a chain as a unit-radius tube) originally designated

defined in section IV-B. induced cycles, or closed paths (also called closed chains)

a graph [7]. We adopt the terminology introduced by Harary

in [5], who assigns the term “coil” to simple cycles and the
We useQ, to denote then-dimensional hypercub&hich  term “n-coil” to coils of maximal length in Q. The terms

is defined inductively as the Cartesian product@f and “snake” and h-snake” are used in exactly the same way to

Q1. It is useful to think ofQ; as a line (two constituent designate induced open paths.

Fig. 1. A maximal length snake in Q

Il. BACKGROUND AND TERMINOLOGY

nodes),Q2 as a square (fou_r);)3_as a cube (eight), ?r‘@4 The lengths ofn-snakes anch-coils up to n = 6 were
as the sixteen-node graph in Figure 1. Fordp meaningful - computed via exhaustive search by Davies [4]. Those for n
visualisation is more tricky. = 7 were determined by the exhaustive algorithms of Kochut

There are 2 nodes inQ, that can be represented asjg] and the Genetic Algorithm of Potter [10], which we
vectors of binary digits. The nodes are labeled in such ;|| be building upon. Table 1 shows the lengths of e
) , . snakes andh-coils for n<7, as well as current best-known
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Dimension  n-snake  n-coil and tightness delegated to an ordered ranking factor of the

o]} 1 2 rank-based selection within each generation. Since akesha

Q2 2 4 that were able to grow in the previous generation have the
Si ‘7‘ g same length in the current generation, tightness becomges th
Qs 13 14 only distinguishing factor of the fitness function.

8? gg 4212 After the individual fitness of each of the snakes in the
Qs 97 96 population is determined, the population is subjected to
Qo 186 180 rank-based selection based upon each snake’s fithess. In
81‘1’ ggg 2‘3‘3 order to keep the population constant throughout the entire
Q12 1260 1238 run, the remaining places available in the population of the

next generation are filled starting again with the most fit
individuals. For example, if the selection percentage %90
the individuals are ranked by fitness and the first 90% are
selected. This still leaves 10% of the next generation empty
so the first 10% from the current generation are used to finish
the selection operation.

I1l. PBSHC: AN EVOLUTIONARY ALGORITHM EOR After selection, the growth operator grows each snake
OBTAINING MODEL SNAKES in the population by one step each generation, connecting
each snake’s end node to one of its adjacent nodes that has
A Population-Based Stochastic Hill-Climber (PBSHC)not been disqualified by already being in the snake, or by
was used to generate our model snakes. This algorithmh€ing adjacent to some node that is in the snake. While
described in more detail in [3]. The PBSHC evolves a pogli-directional growth was used during preliminary triats i
ulation of snakes from a zero or small initial length to soméimension eight, unidirectional growth was chosen for this
maximum length. Each individual in the population consist§nplementation to best allocate computational resources.
of a sequence of integers that represents the node sequehBis operator can be seen to perform a stochastic hill-
of a snake, or valid path through the hypercube, in thelimbing process on each snake in the population as the
dimension being searched. These individuals are iniédliz choice of which adjacent node to connect to is based on
as either a snake of length zero, that is consisting of onfgndom selection from the available nodes. A choice was
the zero node, or seeded with a pre-existing snake of choidgade early to grow all snakes in the population instead
Following initialization, the evolutionary cycle begirts first  of only the snake of best fitness (note: enhancing the best
generation. Each generation begins with a fitness evatuatidndividual in a population is a common approach in hybrid
The fitness function used is based on both the length and t@enetic algorithms). This choice was also based on results
‘tightness’ of the snake. The tightness of a snake, as defineti @ comparison of these two approaches in an earlier
for the PBSHC, is a measure of how many nodes are |é®A implementation. Growing all the individuals within the
available in the hypercube after subtracting all those sod@opulation also works well in conjunction with the fitness
that are disqualified either by already being in the snake &nction which requires that all snakes in the population of
by being adjacent to another node in the snake. The choice@gliven generation be of the same length in order to function
tightness as a component of the fitness function was inspir@goperly. The fitness function consists of the sum of the
by the idea that tighter snakes, since they make more efficie¥nake’s length and normalized tightness. This results én th
use of nodes, might have more room to grow. fitness function simplifying to a function of tightness adon
Initial attempts of integrating both length and tightnegsi as the length component of the fitness value will dominate
a fitness function met with limited success. Many combind0r snakes of different lengths, yet cancel for snakes of the
tions of linear and non-linear factors of length and tiglsge Same length. This also results in the automatic elimination
for the fitness function were tried. While they each perfaime©f snakes that can no longer grow, allowing their place in
well in some periods of evolution, they would inevitablythe population to be reallocated to other snakes that dre sti
perform worse in others. Once the average fitness of ti§@pable of growth.
population slowed, the diversity of the population woulll fa  The choice of parameter settings was found to be of key
and the fitness function would converge to a local optimunimportance to the performance of the PBSHC and these
Our first attempt at solving this problem was to develoettings were tuned extensively in dimension eight before
an adaptive fitness function that would balance between theodified to run in dimensions nine through twelve. Our
importance of tightness and length, using the diversityhef t previous experience with genetic algorithm snake hunters
population as the balancing factor. This technique aldedai supported the application of lower-dimension parameter se
reacting to changes in diversity too quickly in some cases aitings as a baseline for higher-dimension runs. The fitness
not quickly enough in others. Our second attempt was a mofenction is set to the sum of length and normalized tightness
simplistic compromise between the two objectives. LengtNormalized tightness was defined as the number of nodes
was set as the overriding objective within each generatioremaining available divided by the total number of nodes

TABLE |
LONGEST SNAKES AND COILS INQ;,. FOR N>8, SOLUTIONS ARE ONLY
THE CURRENT BESTKNOWN.



in the n-dimensional hypercube. Rank-based selection wasAlways begin at node O0lo understand why this does not
chosen in order to maximize diversity within the populationprevent us from finding possible maximal length snakes, it
While both unidirectional and bi-directional growth wereis helpful to consider a snake in transition sequence (see
used in the dimension-eight trials, the relatively memorySect. 1l). From a snake starting at node 0 in,,Qdne
conservative, unidirectional implementation was chosan f can obtainn? identical snakes in node sequence simply by
the higher-dimensional runs in order to maximize poterapplying the corresponding transition sequence beginaing
tial population sizes for dimensions nine through twelveevery node in Q. In dimension 9, by only searching for
Because this particular implementation’s chromosome sizmakes originating at node 0 we eliminate 99.61% (255/256)
is constant, the use of unidirectional growth instead of bipercent of the solution space from consideration.
directional growth allowed the required memory for each Only consider snakes in canonical for@Bnakes in canon-
population size to be reduced by half. Population sizesal form are those which only use higher-order dimensions
from one hundred through ten thousand were run in triasfter every lower-order dimension has been used at least
using mutation. Larger populations were prohibitively éim once. Hypercubes havw@ symmetries, and canonical form
consuming using mutation, especially for dimensions eleveas but one of these. Again, consider a snake in transition
and twelve. sequence. By swapping, say, all of the 8’s and 1's, we obtain
The best results were achieved using populations of tem identical snake with a different node sequence. It simply
thousand, a selection percentage of ninety percent, and bges the dimensions in a different order. In dimension 9, by
seeding each population with highly-fit, lower-dimensioronly searching for snakes in canonical form we eliminate
snakes at startup. Using a technique where the best snak8s972% (!-1/n!) of the solution space from consideration.
found in each dimension were used as seeds for the next

higher dimension, the PBSHC was able to find new lower ] 7 ) )
bounds for snakes in dimensions nine through twelve and 1€ solution space afforded by Kochut's approach is sitill
new lower bounds for coils in dimensions nine througﬁar too massive to be searched exhaustively in dimensions

eleven. In order to generate good seeds for dimension ninedater than 7. We therefore introduce further constraints
bootstrap solution was used. This method involved cutting 2t N0 longer guarantee the maximal length snake will be
dimension eight, length-97 snake back to its length-50,rodiound. Consequently, we can only find new lower bounds
corresponding to the longest snake in dimension seven, ajfi maximal snake lengths, rather than absolute bounds. The
running an exhaustive search on that snake to generate a pl9JPWing three constraints ensure that every snake censid
of seventeen distinct length-97 snakes. These snakes wEF§d in the depth first search adheres to a set of parameter
then used to seed the dimension-nine runs. Subsequenﬂ9,unda”es defined by the model snakes found via PBSHC.

the best snakes found in dimensiomere used as seeds for!N €ssence, we are making a much more strict definition of a

dimensionn+1. For the purposes of the method described ind€ad end” in the search. Backtracking now occurs not only
en there are no available adjacent nodes, but also when

this paper, we have used PBSHC to generate populations

Constraints Based on Model Snakes

very long snakes. all availgble nodes cause the snake to escape the parameter
boundaries.
IV. CONSTRAINING THE SOLUTION SPACE FOR A TightnessTightness is the degree to which different nodes
DEPTH-FIRST SEARCH in the snake render identical nodes inaccessible and is

) proportional to the number of pairs of included nodes with

To explore the solution space, we attempt to grow a snake hamming distance of 2. For example, nodes 000000000
until it reaches a dead end. The search then backtracks unfily 000000011 both render node 000000001 inaccessible
further progress can be made in a different direction. Thigecause they differ at exactly 2 bits. The “tighter” a snake i
process is repeated until every snake has been explorgghynd, the more nodes remain available at each step in the
Unfortunately, there are far too many possible snakes iake. We express tightness as “the number of unavailable
try every one, and we are forced to constrain the solutigyqes per node in the snake”. If there are 18 unavailable
space artificially. We will describe five methods by whichygges at node 4 in the snake, the tightness of the snake is 4.5.
we constrain the solution space so that it may be fully tends to be desirable to keep this number low. However,
explored by a depth first search. The first two, describggle have found that our model snakes do not always choose
in the following section, were first implemented by Kochutpe tightest possible path at every step. We therefore prune
for exploring Q.. branches both when snakes are too loose and when they are
too tight. Figure 2 is an example of tightness boundariets tha
have been defined by model snakes in Dimension 9.

The constraints implemented by Kochut are independent Tightness Rate-of-changéonsider a snake that is on the
of model snakes and were first used in an exhaustive sndlighter edge of the tightness boundary defined by our model
searching algorithm devised for the dimension 7 hypercubsnakes at thek step in the snake. For the next several steps,
Neither of these restrictions can possibly prevent theadisc the search has license to take inadvisable turns that restylle
ery of a maximal length snake, yet they drastically increaseat up available nodes in the hypercube since it will stést
search efficiency. inside the tightness boundary. To eliminate this possybili

A. Kochut's Constraints



Tightness Pruning Boundaries V. RESULTS

10 We have two methods of control over how strictly we
Ll \ constrain the solution space. The first is choosing a seed
s e \ shake. Past research has found it useful to choose a portion

7 of a best known snake from a lower dimension to seed a

g search algorithm [3]. A seed, in effect, sets in stone thiini
La section of the path, reducing the search space.

. The second is the number of snakes used to define the
ERE pruning model. Fewer snakes intuitively results in narnowe

, pruning boundaries because there is less variability among

1 13 25 37 49 61 73 85 97 109 121 133 145 157 169 181 fewer Snakes

Node in the snake

A. Dimension 9

Fig. 2. The tightness boundaries defined by the model snakewlfvia A base of 344 snakes was built using the Evolutionary
PBSHC. Snakes are pruned as soon as they escape these sundar . . . . . .
Algorithm described in section Il to define the pruning
model. Our depth first search was given a seed snake of
Tightness Rate-of-change Pruning Boundaries length 37 from a maximal length snake in dimension 8,
ﬁ which can be found in [11]. The seed was neccessary to
" provide a search space that could be searched exhaustively.
N ” An exhaustive search with pruning from the 38th node
yielded five new snakes of length 188. One of these shakes,
i in transition sequence notation:
\f\h 0123453210325312345231032605
e — 430135023103543013741301520130
12 23 34 45 56 67 78 89 100 111 122 133 144 155 166 177188 541306210345301320531034526302
oseinanawe 612367863205210345301320531034
Fig. 3. The tightness rate-of-change boundaries definedhbymodel 526302534503102510312476523103
snakes found via PBSHC. Snakes are pruned as soon as th@ge ¢seae 620310256213450310235625021302
boundaries. 5012613463
This constitutes an improvement over the previous lower
bound of 186.

we only allow a snake’s tightness to increase or decreasegit Dimension 10
a certain rate. We do this by extracting the “percent change . . .
o : Because the solution space forQs exponentially bigger
in tightness over the last 5 steps” at each step in our modttﬁl P I P yblgg

snakes. This corresponds to the rate of change in tighthess an that of Q, we were forced to constrain the solution
' P 9 9 sﬁaoe more harshly. The pruning model was defined using

each step, and we do not allow snakes to tighten or loos . :
faster than any of the model snakes. Figure 3 shows tﬁ elyuzg ds?r? : ef;srsftoigg 2)(; 525 Efv?éit'%réi;ykﬁfﬁ;'ggksnd

tightness rate-of-change boundaries that have been deyflne( sted above) to seed the depth first search. It should be

model_snake_s. ) ) ) noted that our search of the constrained solution space was
Maximal Dimension Cumulative Usagkhis term refers o not exhaustive. After two weeks of runtime, two snakes of
the number of times each dimension has been “used” in thength 363 were found (the search proceeded for several more

snake. A dimension is “used” if it has been flipped from & lyeeks without termination or improvement). One of these
to a 0 or vice-versa in the course of creating the path. Usag@akes, in transition sequence notation:

is equivalent to the number of occurrences in the transitiong 1 23453210325312345231032605
sequence. We have observed a great deal of homogeneityis 0 1 35023103543013741301520130
the Dimension Cumulative Usage of model snakes. ThiS41306210345301320531034526302
in part due to the fact that all model snakes are in canonicgli 2367863205210345301320531034
form, which ensures that the dimensions are orderedthesage 6 302534503102510312476523103

way. 620310251036431621052031205265

In the @ model snakes, the highest dimension is alway8320130543195340231025034526302
used only once. Additionally, dimension 6 is always use§34503102510314361031845320132
more than dimension 5 and dimension 4 is always the moSt31653205315235431520156035230
used dimension. Each dimension has a range of about 10u4e32567362103453013561301520130
from which it never deviates in the model snakes. Currentlif 43568201325014503102356250213
we only prune snakes which overuse any of the dimensio®s25012613463015201302806254301
and do not prune for underuse. 35423

over the last

5 nodes
©
—

%change in ti




This constitutes an improvement over the previous lower
bound of 358.

VI. CONCLUSION

We intend to expand the search technique to the hyper-
cubes of higher dimensions. In addition, we shall adapt the
search to be applied to the problem of finding lengthy coils.
We have no reason to believe that the search will not work
equally well on these problems, and hope that further lower
bounds will be established.

It is likely that our method would benefit from further
pruning heuristics. The three described in this paper ane si
ply those which seemed most relevant, and more informative
measures may well exist.
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