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Abstract. The problem of figure-ground separation is tackled from the perspective of combinatorial optimization.
Previous attempts have used deterministic optimization techniques based on relaxation and gradient descent-based
search, and stochastic optimization techniques based on simulated annealing and microcanonical annealing. A
mathematical model encapsulating the figure-ground separation problem that makes explicit the definition of shape
in terms of attributes such as cocircularity, smoothness, proximity and contrast is described. The model is based on
the formulation of an energy function that incorporates pairwise interactions between local image features in the
form of edgels and is shown to be isomorphic to the interacting spin (Ising) system from quantum physics. This
paper explores a class of stochastic optimization techniques based on evolutionary algorithms for the problem of
figure-ground separation. A class of hybrid evolutionary stochastic optimization algorithms based on a combina-
tion of evolutionary algorithms, simulated annealing and microcanonical annealing are shown to exhibit superior
performance when compared to their purely evolutionary counterparts and to classical simulated annealing and
microcanonical annealing algorithms. Experimental results on synthetic edgel maps and edgel maps derived from
gray scale images are presented.

Keywords: figure-ground separation, evolutionary computation, genetic algorithm, simulated annealing, micro-
canonical annealing

1. Introduction

The problem of figure-ground separation is one of fun-
damental importance in computer vision. The preat-
tentive capability of human vision in being able to
effortlessly separate figure from ground has yet to be
emulated in state-of-the-art computer vision systems.
In order to render the problem tractable, it is neces-
sary to clearly define the shapes of interest (i.e., what
exactly constitutes figure) and what constitutes extra-
neous noise (i.e., the ground). It is also imperative to
define a computationally feasible and efficient proce-
dure that is capable of separating the shapes of interest
from shapes that could have potentially arisen due to
extraneous noise.

In this paper, the problem of figure-ground separa-
tion is treated as a combinatorial optimization prob-
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lem. The shape and noise elements and their spatial
interactions are modeled as an interacting spin (Ising)
system from quantum physics [1]. In conformity with
the Ising model, an energy function is defined over the
image elements (i.e., both shape and noise elements).
The energy function serves to reinforce the grouping
of local shape elements that represent objects of possi-
ble interest into global shapes and also simultaneously
eliminate noise elements. The figure-ground separa-
tion problem thus becomes a combinatorial optimiza-
tion problem where the global minimum of the energy
function corresponds to the optimal separation (i.e.,
classification) of the image elements into figure and
noise elements.

Stochastic optimization techniques (also known as
Monte Carlo techniques) have proved very successful
at solving global optimization problems. In particular,
simulated annealing [2] and microcanonical annealing
[3] have been shown to be effective in solving global op-
timization problems that are known to be NP-complete
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or NP-hard in a wide variety of application do-
mains such as VLSI design [4–8], graph theory [9, 10],
computational genetics [11, 12], operations research
[13], neural computing [14] and image processing
[15, 16]. The primary advantage of these stochastic
optimization techniques is that they are capable of elud-
ing local optima in the search space while maintaining
asymptotic convergence towards the global optimum.
This is in contrast to deterministic optimization tech-
niques such as hill-climbing search and dynamic pro-
gramming that exhibit a tendency to get trapped in
a local optimum. Both, simulated annealing and mi-
crocanonical annealing emulate the physical process
of annealing or gradual cooling used to create highly
crystalline solids (in a very low energy state) from their
molten (high energy) state. Mean field annealing [17],
which is a deterministic approximation to simulated
annealing, has also been used successfully in solv-
ing global optimization problems such as NP-complete
graph-theoretic problems [18–20], image segmenta-
tion [21], visual reconstruction [22] and edge detection
[23].

This paper explores a more recent class of stochastic
optimization techniques termed asevolutionaryalgo-
rithms. Evolutionary algorithms emulate the process of
biological evolution which is based on the Darwinian
principle of natural selection, popularly known assur-
vival of the fittest. Of specific interest in the wider
class of evolutionary algorithms, is the genetic algo-
rithm in which a candidate solution to the problem is
encoded in the form of achromosome. From a popula-
tion ofchromosomes, using operators such asselection,
crossoverandmutation, which are designed to emulate
their real-life genetic counterparts, the genetic algo-
rithm explores the search space for a globally optimum
solution by producing successive generations of chro-
mosomes. This paper proposes a class ofhybrid evo-
lutionary stochastic optimization algorithms that com-
bine the strengths of annealing-based techniques with
those of genetic algorithms and alleviate their indivi-
dual weaknesses, thus resulting in performance that is
superior to that of either class of techniques used in
isolation.

The remainder of the paper is organized as fol-
lows: In Section 2, a review of previous research in
figure-ground separation is presented. In Section 3,
an Ising model that encapsulates the constraints of
the figure-ground separation problem is described. In
Section 4, the genetic algorithm, simulated annealing
algorithm and microcanonical annealing algorithm are
described in the context of the figure-ground separation

problem. In Section 5, hybrid evolutionary stochastic
optimization algorithms for figure-ground separation
are proposed and described. In Section 6, experimental
results on synthetic edgel maps and edgel maps derived
from gray-scale images are presented. In Section 7, the
paper is concluded and future research directions are
cited.

2. Review of Previous Work

Figure-ground separation was first studied by Gestalt
psychologists [24] in their research on perceptual
grouping where certain image elements are organized
to construct an emergent figure. Researchers in com-
puter vision and image processing have studied figure-
ground separation from the viewpoint of edge/contour
grouping where short edge segments oredgelsneed to
be grouped into long continuous contours of perceptual
significance. Conventional techniques for edgel group-
ing tend to suffer from two significant drawbacks: First,
an analytic description of the underlying curve is often
used. This clearly calls for a priori knowledge of the
objects and the resulting features in the image. Since
figure-ground separation is the first step in the initial
domain-independent segmentation of the image, such
a priori knowledge is seldom available. Second, the
notion of noisy edgel data is often not clearly defined.
Noise elimination techniques tend to be ad hoc where
low-contrast edgels are often discarded as noisy edgels.
Since it is unreasonable to expect all edgels belonging
to an object to be high-contrast edgels, this approach
tends to discard some of the edgels that describe object
shape along with the noisy pixels.

Parent and Zucker [25] characterize local edgel
shape on the basis of curvature computed on a local
grid. They cast the curve inference problem as one
of global optimization and use a relaxation labeling
algorithm to compute the optimum. However, relax-
ation is a local search-based optimization process that
is vulnerable to the presence of local optima in the
search space and hence needs good initialization. A
similar approach can be found in Sha’ashua and Ullman
[26] where curve inference is modeled as search for the
best sequence of edge elements that would result in the
longest and smoothest image curves. The search itself is
carried out using dynamic programming which is also
a deterministic optimization process that is prone to get
trapped in a local optimum and hence calls for good ini-
tialization. In Gutfinger and Sklansky [27] curve/noise
separation is viewed as a classification problem where
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the classification is done using a method that uses su-
pervised and unsupervised training. Their technique
though theoretically appealing, is impractical on real
image data.

Sejnowski and Hinton [28] showed the limitations
of using deterministic optimization techniques in their
formulation of the figure-ground separation problem.
In their formulation, the image elements are classified
into two possible labels: region and noise. With an
initial random labeling the gradient descent procedure
is seen to get trapped in one of several local optima
of the energy function whereas simulated annealing
converges to an optimal solution in which the region
elements are bounded by the edge elements. Carnevali
et al. [29] use simulated annealing in conjunction with
a pixel interaction model to classify pixels in a binary
image as object or noise. Peterson [30] has applied
mean field theory to the problem of tracking particles in
high-energy physics which can be shown to be similar
to the grouping problem. However, Peterson’s model
is not suitable for noisy data and results inn2 variables
andn4 connections forn point data. Blake [31, 32] has
used simulated annealing in the context of visual recon-
struction of surface data. Tan et al. [33, 34] have ex-
plored local search and simulated annealing in the con-
text of edge detection and edgel grouping. Bhandarkar
et al. [35] have applied the genetic algorithm and Acton
and Bovik [36] the mean field annealing algorithm to
the problem of edge detection and edgel grouping. Roth
and Levine [37] have applied a genetic algorithm based
on a minimal subset representation of a geometric prim-
itive to the problem of feature extraction. Their tech-
nique however, requires that the geometric primitive
have an underlying parametric representation which re-
stricts its applicability. Herault and Horaud [1] have
explored simulated annealing, mean field annealing
and microcanonical annealing in the context of figure-
ground separation via edgel grouping. The mathemat-
ical model used to represent the figure-ground separa-
tion problem is shown to fit the constraints of an Ising
model. The results presented in their paper were im-
pressive and brought out the advantages of using the
Ising model in conjunction with global optimization
techniques for the figure-ground separation problem.

This paper extends the first author’s previous work
in evolutionary algorithms [35] and the recent work
of Herault and Horaud [1]. In particular, this paper
explores a class of evolutionary algorithms based on
the genetic algorithm and also proposes a class of hy-
brid evolutionary stochastic optimization algorithms

that combine the strengths of annealing-based tech-
niques with those of genetic algorithms while alleviat-
ing their individual shortcomings.

3. Mathematical Formulation of the Problem

Herault and Horaud [1] have proposed an Ising model
for the figure-ground separation problem. They treat
the figure-ground separation problem as one in which
figure edgels (i.e., straight and short edge segments) are
to be separated from noise edgels. The mathematical
formulation of the figure-ground separation problem
addressed in this paper, is based largely on the Ising
model of Herault and Horaud. However, in the interest
of making this paper self-contained, we present a brief
synopsis of the Ising model. The interested reader is
referred to [1] for a more detailed exposition.

3.1. The Ising Model

The Ising model is commonly used in quantum physics
to explain electro-magnetic phenomena. The state of
the Ising system is described by a spin state vector
consisting ofN elementsσ = [σ1, σ2, . . . , σN ] such
that σi ∈ {+1,−1}, i.e., each spin is described by
a discrete labelup (+1) or down (−1). A symmetric
matrix J describes the interaction between spins. Ele-
mentJi, j describes the interaction between spinsσi and
σ j . We require thatJi,i = 0 for all 1≤ i ≤ N. A vector
B = [B1, B2, . . . , BN ] describes the external field that
the Ising system is subject to whereBi is value of the
field viewed by spinσi . The energy function associated
with an Ising system subject to an external fieldB is
given by:

E(σ1, σ2, . . . , σN) = −1

2

N∑
i=1

N∑
j=1

Ji, jσiσ j −
N∑

i=1

Biσi

(1)

The ground stateof the Ising model is the one that
results in the minimization of the energyE.

3.2. Figure-Ground Separation and the Ising Model

The goal of figure-ground separation, as treated in this
paper, is to group figure edgels into continuous shape
contours and simultaneously reject noise edgels. The
requirement is that figure edgels interact in a manner
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Figure 1. Edgel interaction parameters.

such that they reinforce each other whereas noise edgels
interact in a manner such that they nullify each other.
Four types of interaction between edgels are modeled
based on verygenericnotions of desired shapes: co-
circularity, smoothness, proximity, and contrast. Incor-
poration of generic shape properties spares us from
having to make very constraining assumptions about
the shapes that underlie the figure edgels.

Cocircularity. Two edgels are considered to be co-
circular if they are tangent to the same circle at their
respective edgel centers (Fig. 1). From Fig. 1, it is clear
that for edgelsi and j to be cocircular, the anglesθi and
θ j have to be equal. Letδi, j = |θi − θ j | where smaller
values ofδi, j imply a greater degree of cocircularity.
The cocircularity coefficient is defined as:

cCOCIRC
i, j =

(
1− δ

2
i, j

π2

)
exp

(
−δ

2
i, j

k

)
(2)

where the parameterk is chosen such thatcCOCIRC
i, j van-

ishes gradually under conditions of noncircularity. If
k is chosen to be large, the effect ofδi, j will be de-
emphasized and a greater degree of noncircularity will
be tolerated. A value ofk = 10 was found to give good
results in practice.

Parallelism. Two edgelsi and j are deemed to be
parallel if the sum ofθi andθ j equalsπ (Fig. 1). The
parallelism coefficient is defined as:

cPARA
i, j

=
cos

(
π |π − θi − θ j |

2ε

)
if |π − θi − θ j | ≤ ε

0 if |π − θi − θ j | > ε

(3)

whereε is an angle threshold. A value ofε = 5◦ was
found to be a good choice in practice.

Smoothness.Two edgels i and j are deemed to
be collinear or smooth ifθi = θ j = 0 (Fig. 1). The

smoothness coefficient is defined as:

cSMOOTH
i, j =

(
1− θi θ j

π2

)(
1− (π − θi )(π − θ j )

π2

)
(4)

Proximity. Two edgelsi and j are deemed to be prox-
imate if the distancedi, j between their centers is small
compared to the standard deviationσd of all the pair-
wise edgel distances in the edgel map. The proximity
coefficient is defined as:

cPROX
i, j = exp

(
− d2

i, j

2σ 2
d

)
(5)

Contrast. If the average intensities of the two edgels
aregi andgj then the contrast coefficient is defined as:

cCONTRAST
i, j = gi gj

g2
max

(6)

wheregmax is the maximum of the average intensities
of all the edgels in the edgel map.

Intensity. Two edgels having the same average inten-
sity gi andgj should reinforce each other. An intensity
coefficient for this purpose is defined as follows:

cINTY
i, j =

cos

(
π |gi − gj |

2δ

)
if |gi − gj | ≤ δ

0 if |gi − gj | > δ

(7)

whereδ is a threshold for intensity change. We have
found δ = 5 to give reliable results when the total
number of gray levels is 256 (i.e., 1 byte per pixel).

The overall interaction coefficient is computed as:

ci, j = max
(
cCOCIRC

i, j , cPARA
i, j

)
cSMOOTH

i, j

× cPROX
i, j max

(
cCONTRAST

i, j , cINTY
i, j

)
(8)

The rationale behind the individual shape–based
interaction coefficients (Eqs. (2)–(7)) and the overall
interaction coefficientci, j (Eq. (8)) is to identify the
desiredlocal shape structure(s) resulting from suitably
interacting edgel pairs in the edgel map while reject-
ing those edgels that do not contribute to desiredlocal
shape structure(s). The values ofk, ε andδ in Eqs. (2),
(3) and (7) respectively, were determined empirically
after experiments on synthetic edgel maps and edgel
maps derived from gray scale images. The same values
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of k, ε andδ were used in all the experiments described
in Section 6.

The energy function associated with theorderliness
of the edgel map can be written as:

E(σ1, σ2, . . . , σN)

= −1

2

N−1∑
i=1

N∑
j=i+1

(ci, j − α)(1+ σiσ j + σi + σ j )

(9)

Here,σi takes on a value of+1 or−1 depending on
whether or not the corresponding edgel is labeled as
figure (i.e., included in the final edgel map) ornoise
(i.e., excluded from the final edgel map). From Eq. (9)
it is apparent that ifσi = −1 then(ci, j − α) will be
excluded fromE irrespective of the value ofσ j . Also
note thatα is a threshold value that is estimated from
the signal-to-noise ratio (SNR). If the value ofci, j falls
below the thresholdα then the corresponding edgels are
deemed to be weakly interacting and they result in an
increase in the total energyE. Edgel maps with higher
E values may be deemed to contain a large number
of weakly interacting edgels. Thus the goal is to be
able to find an edgel map with the lowestE value (i.e.,
containing edgels that maximally reinforce each other).

Comparing Eqs. (1) and (9) one can show that the
Ising model underlying Eq. (9) is given by:

E(σ1, σ2, . . . , σN)

= C − 1

2

N∑
i=1

N∑
j=1

Ji, jσiσ j −
N∑

i=1

Biσi (10)

where

C = 1

4

N∑
i=1

N∑
j=1

(ci, j − α) (11)

Ji, j = 1

2
(ci, j − α) (12)

Bi = 1

2

N∑
j=1

(ci, j − α) (13)

In order to ensure thatJi,i = 0, 1 ≤ i ≤ N in confor-
mity with the Ising model, one choosesci,i = α, 1 ≤
i ≤ N. The energy function of the edgel map is similar
to the Ising model except for a constant bias term given
by Eq. (11). The desired edgel map, (i.e., one in which
the noise edgels are separated from the figure edgels),

corresponds to the ground state of the Ising model rep-
resented by Eq. (10) (i.e., the state which minimizes
the energyE given by Eq. (10)).

4. Evolutionary Algorithms
for Figure-Ground Separation

The energy functionE (Eq. (10)) associated with the
orderlinessof the edgel map is a multivariate combina-
torial function whose landscape is fraught with several
local minima.Deterministiccombinatorial optimiza-
tion algorithms based on local search of the energy
landscape are prone to get trapped in one of the sev-
eral local minima. Determining a global minimum of
the energy functionE (Eq. (10)) clearly entails the use
of a stochasticcombinatorial optimization procedure
that is capable of forgoing the several local minima
in favor of a global minimum. As already mentioned,
stochastic combinatorial optimization techniques such
as simulated annealing, microcanonical annealing and
mean field annealing have been successfully applied
to the Ising model representation of the figure-ground
separation problem [1].

This paper intends to explore a class of stochastic
combinatorial optimization techniques based on the
paradigm of evolutionary computation in the context
of the figure-ground separation problem. Evolutionary
computation is a population-based optimization pro-
cess that mimics the process of biological evolution
encountered in nature [38]. Evolutionary computation
has resulted in stochastic optimization techniques that
outperform classical optimization techniques when ap-
plied to several real-world problems. This paper ex-
plores variations of the genetic algorithm (GA) [39–41]
which is an important member of the wider class of
evolutionary algorithms.

4.1. Genetic Algorithms—An Overview
of Key Concepts

Central to the genetic algorithm (GA) are the con-
cepts ofchromosome, population, fitness, selection,
crossoverandmutation. A potential solution to a com-
binatorial optimization problem is represented as a bit
string orchromosome. A collection of potential solu-
tions or chromosomes constitutes apopulation. With
each chromosome is attached afitnessvalue which is
a measure of goodness of the corresponding solution.
The fitness value is computed using afitness function
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Figure 2. Crossover operation.

which is derived from the objective function to be op-
timized and the constraints underlying the combinato-
rial optimization problem. The chromosomes from a
given population are chosen using aselectionoperator
to form a mating pool for reproduction. Theroulette
wheelselection operator which selects each chromo-
some with a probability proportional to the ratio of
the fitness of the chromosome to the overall fitness
of the population, is a popular choice. This ensures
that the mating pool contains a higher percentage of
fitter chromosomes. Thetournamentselection opera-
tor selects two members at random from the current
generation and compares their fitness values. The fitter
chromosome is then inserted in the mating pool. In the
tournament selection operator, the selection is based on
thefitness rankof the chromosome relative to the other
chromosomes in the population rather than its actual
fitness value.

Two mates, selected at random from the mating
pool, reproduce via thecrossoveroperator. During
the crossover operator, a point along the length of the
chromosome is selected at random and the ends of
the chromosomes swapped with a predefined crossover
probability to generate a pair of offspring for the next
generation (Fig. 2). Each of the offspring is subject
to random localized change via amutationoperator,
which in our case amounts to flipping each bit of the
offspring with a predefined mutation probability.

There are two principal variants of the genetic al-
gorithm based on the population replacement strat-
egy employed: the canonical genetic algorithm (CGA)
and the steady state genetic algorithm (SSGA). In the
CGA, the offspring created from the mating pool re-
place the entire current generation. The population re-
placement strategy or evolution strategy of the CGA is
modeled along short-lived biological species such as
insects where parents lay eggs and die. In the SSGA,
on the other hand, only a few of the weakest members
of the current population are replaced by the offspring
created from the mating pool. The evolution strategy
in the SSGA emulates the population replacement en-
countered in long-lived species where the parents and
children often coexist at any given time. A more de-
tailed comparison between the CGA and SSGA can

be found in [42]. The population replacement is re-
peated for several iterations (i.e., generations) of the
GA. The GA is deemed to have converged when the
fitness value of the best chromosome in the population
has not changed over the pastk successive generations.

4.2. The GA and Figure-Ground Separation

In order to apply the GA to the figure-ground separa-
tion problem, a suitable chromosomal representation
of the edgel map needs to be formulated. The edgel
map is modeled as a bit string where thei th bit po-
sition represents the classification of thei th edgel in
the edgel map; if thei th edgel is classified as a fig-
ure (noise) edgel then thei th bit in the bit string is 1
(0) and conversely. For an edgel map withN edgels,
there are 2N possible bit strings. The ideal edge map
is one in which all the edgels have been correctly clas-
sified. The problem of determining this ideal string is
NP-complete since the only algorithm that ensures an
optimal solution is one that carries out an exhaustive
search of the space of all the 2N possible bit strings
resulting in an exponential-time algorithm.

At every stage in the evolution process, the GA main-
tains a population of chromosomes where each chro-
mosome represents an edgel map. The raw fitness value
F for a chromosome is defined asF = −E whereE
is the energy associated with the corresponding edgel
map (Eq. (9)). This ensures that edgel maps with lower
energy are associated with higher fitness values. In or-
der to circumvent the problem of negative fitness val-
ues, the fitness values are normalized. The normalized
fitness valueFn is given by:

Fn = F − Fmin+ β(Fmax− Fmin) (14)

whereFmin andFmaxare the minimum and maximumF
values respectively, in the current population. Ifβ ≥ 0,
the value ofFn is positive for all chromosomes in the
population. The value ofβ determines the selection
pressure against weak chromosomes. The pressure is
strongest whenβ = 0.
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4.2.1. Advantages and Shortcomings of the CGA and
SSGA. The advantages of the CGA-based and the
SSGA-based figure-ground separation algorithms are:

(a) The selection operator and crossover operator ena-
ble useful subsolutions, referred to asbuilding blo-
cksorschemain the GA literature, to be propagated
and combined to construct better and more global
solutions with every succeeding generation.

(b) The CGA and SSGA are naturally parallel. In fact
it has been shown that the CGA and the SSGA
exhibit bothexplicit andimplicit parallelism [40].
Implicit parallelism arises from the fact that by
evaluating a certain chromosome, the GA simul-
taneously and implicitly evaluates all the schema
of which the chromosome is an instance. Explicit
parallelism can be attributed to the fact that the se-
lection, crossover and mutation operators can be
performed in parallel over all the chromosomes in
the population.

(c) The population of candidate solutions enables one
to explore a diversity of solutions and hence a larger
fraction of the search space. The Schema Theorem
[39, 40] enables the GA to sample a large fraction
of the search space even with a relatively small pop-
ulation size. This increases the chances of the GA
being able to arrive at a globally optimal solution.

Some of the problems with the CGA- and SSGA-based
figure-ground separation techniques are:

(a) The performance (especially that of the CGA) is
extremely sensitive to the manner in which the
chromosome is encoded. It is crucial that strongly
interacting edgels have their corresponding bits po-
sitioned very close to each other on the chromo-
some and vice versa.

(b) The results are sensitive to the value ofα especially
when the encoding order is random. The value ofα

corresponding to the best observed result changes
with the encoding scheme used.

(c) In the absence of a hill-climbing mechanism, the
number of generations (and hence the execution
time) needed for convergence is fairly large.

(d) With the incorporation of a deterministic hill-
climbing mechanism the CGA and SSGA exhibit
premature convergence to a suboptimal solution
[35].

In order to alleviate some of the aforemen-
tioned shortcomings, we explore the possibilities of

combining GA-based techniques with stochastic hill-
climbing techniques such as simulated annealing
and/or microcanonical annealing.

4.3. Stochastic Annealing-based Algorithms
for Figure-Ground Separation

Stochastic annealing algorithms such as simulated an-
nealing (SA) [2] and microcanonical annealing (MCA)
[3], are a subcategory of stochastic hill-climbing search
techniques and are characterized by their capacity to
escape from local optima in the objective function. A
single iteration of a stochastic annealing algorithm con-
sists of three phases: (i) perturb, (ii) evaluate, and (iii)
decide. In the perturb phase, the current solutionxi to
a multivariate objective functionE(x), which is to be
minimized, is systematically perturbed to yield another
candidate solutionx j . In the evaluate phase,E(x j ) is
computed. In the decide phase,x j is accepted and re-
placesxi probabilisticallyusing a stochastic decision
function. The stochastic decision function isannealed
in a manner such that the search process resembles a
random search in the earlier stages and a greedy lo-
cal search or a deterministic hill-climbing search in the
latter stages. The major difference between SA and
MCA arises from the difference in the stochastic de-
cision function used in the decision phase. But their
common feature is that starting from an initial solution,
they generate, in the limit, an ergodic Markov chain
of solution states which asymptotically converges to a
stationary Boltzmann distribution [14]. The Boltzmann
distribution asymptotically converges to a globally op-
timal solution when subject to the annealing process
[16].

4.3.1. Simulated Annealing. In the decide phase of
the classical SA algorithm, the new candidate solution
x j is accepted with probabilityp which is computed
using the Metropolis function [43]

p =


1 if E(x j ) < E(xi )

exp

(
−E(x j )− E(xi )

T

)
if E(x j ) ≥ E(xi )

(15)

or using the Boltzmann functionB(T) [14]

p = B(T) = 1

1+ exp
( E(x j )−E(xi )

T

) (16)
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at a given value of temperatureT , whereasxi is retained
with probability(1− p).

The Metropolis function and the Boltzmann func-
tion give SA the capability ofprobabilisticallyaccept-
ing new candidate solutions that are locally suboptimal
compared to the current solution thus enabling it to
climb out of local minima. Several iterations of SA are
carried out for a given value ofT which is then sys-
tematically reduced using an annealing function. The
iterations carried out for a single value ofT are re-
ferred to as anannealing step. As can be seen from
Eqs. (15) and (16), at sufficiently high temperatures,
SA resembles a completely random search whereas
at lower temperatures it acquires the characteristics
of a deterministic hill-climbing search or local greedy
search.

Both the Metropolis function and the Boltzmann
function ensure that SA generates an asymptotically er-
godic (and hence stationary) Markov chain of solution
states at a given temperature value. Geman and Geman
[16] have shown that logarithmic annealing schedules
of the formTk = R/logk for some value ofR> 0 are
asymptotically good i.e., they ensure asymptotic con-
vergence to a global minimum with unit probability in
the limit k→∞.

4.3.2. Microcanonical Annealing. The classical
MCA algorithm models a physical system whose total
energy, i.e., sum of kinetic energy and potential en-
ergy, is always conserved. The potential energy of the
system is the multivariate objective functionE(x) to
be minimized whereas the kinetic energyEk > 0 is
represented by a demon or a collection of demons. In
the latter case the total kinetic energy is the sum of all
the demon energies. The demon energy (or energies)
serve(s) to provide the system with an extra degree (or
degrees) of freedom enabling MCA to escape from lo-
cal minima.

In the decide phase of MCA, ifE(x j )< E(xi ) then
x j is accepted as the new solution. IfE(x j ) ≥ E(xi )

thenx j is accepted as the new solution only ifEk ≥
E(x j ) − E(xi ). If E(x j ) ≥ E(xi ) andEk < E(x j ) −
E(xi ) then the current solutionxi is retained. In the
event thatx j is accepted as the new solution, the kinetic
energy demon is updatedEn+1

k = En
k + [E(xi )−E(x j )]

in order to ensure the conservation of the total en-
ergy. The kinetic energy parameterEk is annealed in a
manner similar to the temperature parameterT in SA.
MCA can also be shown to converge to a global mini-
mum with unit probability given a logarithmic anneal-
ing schedule [44].

4.3.3. Advantages and Shortcomings of Stochas-
tic Annealing-Based Techniques.The stochastic
annealing-based approaches like the classical SA and
classical MCA algorithms have the following advan-
tages:

(a) The stochastic hill climbing mechanism in SA
and MCA guarantees asymptotic convergence to
a global optimum [3, 16].

(b) The performance of both, SA and MCA is resilient
to the manner in which the candidate solutions to
the problem are encoded.

However, both classical SA and classical MCA are seen
to suffer from the following major drawbacks:

(a) Since the perturbation operation in the classical
SA and MCA algorithms is typically local, the
search procedure is fairly localized. Thus, SA and
MCA typically do not explore the same diversity
of solutions that GAs do. This causes the annealing
schedule needed for asymptotic convergence to a
globally optimum solution to be computationally
intensive.

(b) Since the techniques are based on generating an
asymptotically ergodic Markov chain from an ini-
tial starting state, they are inherently serial. At-
tempts to parallelize classical SA and classical
MCA have met with limited success primarily
because the parallel algorithms, in their attempt
to maximize speedup and efficiency of processor
utilization, invariably compromise on the ergodic
Markov chain property and hence on the conver-
gence characteristics of the classical SA and MCA
algorithms.

(c) The classical SA and MCA algorithms do not ex-
ploit previously encounteredgoodsubsolutions in
their future explorations of the search space. Since
the Markov chain of solution states is strictly of the
first order, the next state is dependent only on
the present state. As a consequence, the classical
SA and MCA algorithms do not incorporate the
building-blocksproperty that GAs do.

5. Hybrid Evolutionary Stochastic Optimization
Algorithms for Figure-Ground Separation

Our efforts towards designing hybrid evolutionary
stochastic optimization algorithms for figure-ground
separation were motivated by the desire to combine the
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advantages and alleviate the shortcomings of both evo-
lutionary and stochastic annealing-based approaches
outlined in Sections 4.2.1 and 4.3.3. In a sense, the
stochastic annealing techniques could be looked upon
as single element population genetic algorithms with
a stochastic hill-climbing-based mutation operator.
There are two broad ways in which the evolutionary
and stochastic annealing-based algorithms could be
combined:

1. GA with SA-like or MCA-like operators: The overall
structure of the hybrid algorithm is like the CGA or
SSGA. However, the probabilities assigned to the
individual GA operators such as crossover and mu-
tation are annealed in a manner similar to the SA
and MCA [45]. However, such a hybrid algorithm,
like the GA, does not guarantee asymptotic conver-
gence.

2. An SA or MCA with GA-like operators: The SA
or MCA maintains a population of candidate solu-
tions. The GA operators, i.e., crossover and muta-
tion, are treated as solution perturbation strategies in
an overall population-based SA or MCA algorithm.
The population replacement strategy incorporates
a Boltzmann tournament between the parents and
the offspring where the Boltzmann selection func-
tion is annealed in a manner similar to SA or MCA
[46]. Such an algorithm can be shown to retain

Figure 3. Outline of the hybrid CGA-SA algorithm.

the asymptotic convergence properties of the SA
or MCA algorithm [46] and yet benefit from faster
convergence resulting from the diversity of solu-
tions in the population. This is the approach that is
taken in this paper.

5.1. A Hybrid CGA-SA Algorithm
for Figure-Ground Separation

A hybrid algorithm for figure-ground separation that
combines the CGA and SA algorithms is termed as
the CGA-SA algorithm (Fig. 3) and modeled along the
algorithm presented by Mahfoud and Goldberg [46]. At
each temperature value, from the current generation of
2n edgel maps, a mating pool of size 2n is created using
either roulette-wheel or tournament selection. For each
pair of parentsP2i and P2i+1 from the mating pool, a
pair of offspringC2i and C2i+1 is created using the
CGA crossover and mutation operators. OffspringC2i

replaces parentP2i with probability 1− B(T) where
B(T) is the Boltzmann function given by:

B(T) = 1

1+ exp
( E(P2i )−E(C2i )

T

) (17)

Here, E(P2i ) and E(C2i ) denote the energy val-
ues associated with the edgel maps corresponding to
chromosomesP2i andC2i respectively. ParentP2i+1 is
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Figure 4. Outline of the hybrid SSGA-SA algorithm.

replaced by the offspringC2i+1 in a similar manner. As
can be seen from Eq. (17), at very high temperatures
the replacement is purely random since the probability
of replacement is 50% irrespective of the energy val-
ues of the parent and offspring. At lower temperatures,
the replacement resembles hill-climbing since there is
a greater preference for the chromosome (either par-
ent or offspring) with lower energy. The convergence
criterion could be GA-based where the algorithm is pre-
sumed to have converged to a globally optimal solution
if the energy value of the fittest member in the popu-
lation has not changed for a predetermined number of
successive generations. Alternatively, the convergence
criterion could be SA-based where the algorithm is pre-
sumed to have converged to a globally optimal solution
if the temperature reaches a certain final value.

5.2. A Hybrid SSGA-SA Algorithm
for Figure-Ground Separation

The hybrid SSGA-SA algorithm proposed in this paper
is similar to the CGA-SA algorithm except that at each
generation, onlypof the least fit members of the current
population are replaced. The pseudocode description

of the SSGA-SA algorithm is given in Fig 4. At each
temperature value, from the present generation ofn
edgel maps, a pair of chromosomesP1 and P2 are se-
lected for mating. Of the resulting offspringC1 andC2,
one that is fitter and not present in the current generation
(denoted byC) is selected and compared with the least
fit memberP in the current generation.P is replaced
by C with probability 1− B(T) where

B(T) = 1

1+ exp
( E(P)−E(C)

T

) (18)

As in the case of the CGA-SA algorithm, the replace-
ment is purely random at higher temperatures whereas
at lower temperatures the replacement asymptotically
favors the fitter member with unit probability. Here too,
both GA-based and SA-based convergence criteria are
possible.

5.3. A Hybrid CGA-MCA Algorithm
for Figure-Ground Separation

The hybrid CGA-MCA algorithm proposed in this pa-
per, treats the entire population as a microcanonical
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ensemble, that is, a system that is thermally insulated
from its surroundings. Theentirepopulation has a ki-
netic energy demonEk associated with it. The potential
energyE assigned to each chromosome in the popu-
lation is the energy associated with the corresponding
edgel map (Eq. (10)). The CGA-MCA algorithm pro-
ceeds in a manner identical to the CGA-SA algorithm.

A mating pool of potential parents is generated us-
ing a roulette-wheel or tournament selection procedure.
The kinetic energy demonEkm associated with the mat-
ing pool is chosen to conserve the total energy, i.e.,
Ekm =

∑
pop E −∑mp E + Ek where

∑
pop E is the

total potential energy associated with the population
and

∑
mp E the total potential energy associated with

the mating pool. Two parentsP1 and P2 are chosen
at random from the mating pool and two offspring
chromosomesC1 andC2 are created using the CGA
crossover operator. The offspringC1 andC2 are also
subject to random local change using the CGA muta-
tion operator. The offspringC1 is compared with parent
P1. If EC1, i.e., the potential energy associated withC1

is lower thanEP1, i.e., the potential energy associated
with P1, thenC1 is added to the next generation and
Ekm is increasedby EP1 − EC1. If EC1 ≥ EP1 and
Ekm ≥ EC1 − EP1 thenC1 is added to the next gener-
ation elseP1 is added. In the event thatC1 is added to
the next generation,Ekm is decreasedby EC1 − EP1.
The same procedure is carried out in the case of parent
P2 and offspringC2. For the newly created generation,
the kinetic energy demonEk is initialized such that
Ek = Ekm. The value ofEk is reduced slowly using
an annealing function similar to the one used in the
MCA algorithm. The pseudocode description of the
CGA-MCA algorithm is given in Fig. 5.

5.4. A Hybrid SSGA-MCA Algorithm
for Figure-Ground Separation

The hybrid SSGA-MCA approach proposed in this pa-
per, treats the entire population as a microcanonical
ensemble just as the CGA-MCA algorithm does. How-
ever, in the case of the SSGA-MCA algorithm, each
member in the population has a kinetic energy demon
associated with it. As in the case of the CGA-MCA al-
gorithm, the potential energyE assigned to each chro-
mosome in the population is the energy associated with
the corresponding edgel map (Eq. (10)).

The SSGA-MCA algorithm is similar to the CGA-
MCA hybrid algorithm except that at each generation,
only p of the least fit members of the population are

replaced. The pseudocode description of the SSGA-
MCA algorithm is given in Fig. 6. From the present
generation ofn edgel maps, a pair of chromosomesP1

and P2 is selected for mating using either the roulette
wheel or tournament selection procedure. Of the re-
sulting offspringC1 andC2, one that is fitter and not
present in the current generation (denoted byC) is se-
lected and compared with the least fit memberP in the
current generation.P is replaced byC if EC (the po-
tential energy associated withC) is lower thanEP (the
potential energy associated withP), or Ekp ≥ EC−EP

whereEkp is the kinetic energy associated withP. Ekc,
the kinetic energy associated withC, is initialized such
thatEkc = Ekp+ EP − EC, i.e., the sum of the kinetic
energy and potential energy is conserved. This proce-
dure is carried out untilp of the weakest members in
the original population are replaced. The value of the
kinetic energy demon is then slowly reduced using an
annealing function similar to the one used in the MCA
algorithm.

6. Experimental Results

The various evolutionary algorithms, CGA, SSGA,
CGA-SA, SSGA-SA, CGA-MCA, and SSGA-MCA,
were tested on synthetic edgel maps as well as on edgel
maps derived from gray-scale images. Three of the syn-
thetic edgel maps are shown in Figs. 7–9 and are re-
ferred to asSynthetic-1, Synthetic-2and Synthetic-3
respectively.Synthetic-1contains 96 figure edgels and
160 noise edgels,Synthetic-2contains 96 figure edgels
and 96 noise edgels andSynthetic-3contains 100 fig-
ure edgels and 120 noise edgels. The noise edgels
have lengths that are uniformly distributed in the range
[0, 40] pixels, intensities uniformly distributed in the
range [0, 255], orientations uniformly distributed in the
range [0, π ], andx andy coordinates of the edgel cen-
ter uniformly distributed in the range [0, 511] for an
image of size 512× 512 pixels.

Two of the gray-scale imagesSaturnandSpaceship
are shown in Figs. 10 and 11 respectively and the cor-
responding edgel maps in Figs. 12 and 13 respectively.
The edgel maps for the gray-scale images were gen-
erated using a Canny edge detector [47] and a sim-
ple edgel following algorithm proposed by Nalwa and
Binford [48] that tracks edge points in the direction of
the local gradient. The edge detector is computation-
ally efficient since it is a local window-based operator.
The edgel following algorithm of Nalwa and Binford is
also computationally efficient since it employs a local
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Figure 5. Outline of the hybrid CGA-MCA algorithm.

(i.e., greedy) search. Thus the time taken by the edgel
preprocessing phase (consisting of edge detection and
edgel following) in the case of gray scale images rep-
resents a negligible fraction of the total time taken by
the figure-ground separation procedure.

6.1. Performance of the CGA and SSGA

The performance of the CGA and SSGA were com-
pared using the synthetic edgel maps. The population
size was chosen to be 100, the crossover probability
to be 0.7, the mutation probability to be 0.05 and the

halting criteria to be the fact that the best member in the
population had not changed over the past 5 consecutive
generations. For the purpose of comparison, a figure of
merit M was defined as

M = 1

1+ γ Fd
F + δ Nr

N

(19)

whereF is the total number of figure edgels,Fd is the
number of figure edgels deleted in the final edgel map,
N is total number of noise edgels,Nr is the number of
noise edgels retained in the final edgel map, andγ and
δ are penalty factors.
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Figure 6. Outline of the hybrid SSGA-MCA algorithm.

Table 1 tabulates the performance of the CGA on
Synthetic-1(Fig. 7), Synthetic-2(Fig. 8) andSynthe-
tic-3 (Fig. 9), for both cases; where the edgels have
been generated and encoded in the chromosome in a
raster scan manner and where the edgels occupy ran-
dom bit positions on the chromosome. Our experiments
have shown that the CGA is sensitive to the value of
α in that very low values ofα drive the algorithm to-
wards premature convergence to a suboptimal solution

where most of the noise edgels persist in the resulting
image. On the other hand, a high value ofα removes
a larger number of noise edgels but simultaneously re-
moves some of the figure pixels as well. Recall thatα

is a threshold for the interaction coefficientci, j ; values
of ci, j > α are deemed to denote strongly interact-
ing (i.e., mutually reinforcing) edgels whereas values
of ci, j <α denote weakly interacting edgels. CGAras

where the edgels are encoded in the chromosome in
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Figure 7. Synthetic edgel mapSynthetic-1.

Figure 8. Synthetic edgel mapSynthetic-2.

raster scan order exhibits superior performance com-
pared to CGAran in which the edgels are encoded in the
chromosome in random order. The former exhibits a
higher value ofM over a large range ofα values thereby
implying a greater degree of noise removal while re-
taining a greater number of figure edgels. This goes
to show that the CGA is sensitive to the chromosome
encoding scheme employed.

Table 2 tabulates the performance of the SSGA on
the three synthetic edgel mapsSynthetic-1(Fig. 7),
Synthetic-2(Fig. 8) andSynthetic-3(Fig. 9), for both

Figure 9. Synthetic edgel mapSynthetic-3.

Figure 10. Gray-scale imageSaturn.

raster scan and random encoding of edgels in the chro-
mosome. The SSGA replaced 10% of its weakest chro-
mosomes in each generation. The other parameters
were chosen to be identical to the ones for the CGA.
The SSGA showed greater insensitivity to the encoding
technique used and to the value ofα as far as the figure
of merit of the final result was concerned. The encod-
ing scheme however, did affect the performance of the
SSGA in terms of the number of generations needed
to arrive at the final result. Although the SSGA needed
a greater number of generations to converge to a so-
lution than did the CGA, the number of crossover and
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Table 1. Performance of CGA on the synthetic edgel maps. CGAras: edgels encoded in chromosome in raster scan order,
CGAran: edgels encoded in chromosome in random order, NG: no. of generations,T : execution time in ms,γ = δ = 1.

CGAras CGAran

Edgel map α Fd Nr M NG T Fd Nr M NG T

Synthetic-1 1/N 0 111 0.59 151 1277 0 119 0.57 173 1465

F = 96, N = 160 5/N 0 53 0.75 156 1315 0 70 0.70 177 1498

10/N 4 14 0.89 155 1307 8 28 0.79 174 1472

15/N 8 12 0.86 159 1340 11 32 0.76 174 1473

20/N 14 10 0.83 157 1325 13 38 0.73 178 1510

Synthetic-2 1/N 0 42 0.70 143 1211 0 57 0.63 158 1337

F = 96, N = 96 5/N 0 30 0.76 147 1245 0 41 0.70 161 1363

10/N 0 22 0.81 143 1210 3 29 0.75 163 1379

15/N 0 20 0.83 145 1225 7 25 0.75 162 1370

20/N 11 10 0.82 144 1220 17 17 0.74 159 1346

Synthetic-3 1/N 0 93 0.56 138 1165 0 98 0.55 153 1295

F = 100,N = 120 5/N 0 62 0.66 138 1170 0 74 0.62 151 1275

10/N 0 28 0.81 140 1184 3 37 0.75 155 1310

15/N 5 24 0.80 141 1190 10 32 0.73 153 1293

20/N 8 21 0.80 140 1185 13 25 0.75 152 1285

Figure 11. Gray-scale imageSpaceship.

mutation operations per generation of the SSGA are a
fraction of those needed per generation of the CGA re-
sulting thereby in a lower overall execution time for the
SSGA. Figures 14–16 show the result of applying the
SSGA with random encoding of edgels in the chromo-
some on the three synthetic edgel mapsSynthetic-1,
Synthetic-2and Synthetic-3respectively. Figures 17
and 18 show the result of applying the SSGA to the
edgel maps of gray-scale imagesSaturnandSpaceship
respectively.

Figure 12. Edgel map ofSaturn.

6.2. Performance of the Hybrid Stochastic
Optimization Algorithms

The performance of the hybrid stochastic optimiza-
tion algorithms i.e., CGA-SA, CGA-MCA, SSGA-SA
and SSGA-MCA was evaluated on the synthetic edgel
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Table 2. Performance of SSGA on the synthetic edgel maps. SSGAras: edgels encoded in chromosome
in raster scan order, SSGAran: edgels encoded in chromosome in random order, NG: no. of generations,
T : execution time in ms,γ = δ = 1.

SSGAras SSGAran

Edgel map α Fd Nr M NG T Fd Nr M NG T

Synthetic-1 1/N 0 94 0.63 1235 1043 0 99 0.62 1422 1211

F = 96, N = 160 5/N 0 23 0.87 1242 1050 0 28 0.85 1437 1218

10/N 3 18 0.87 1222 1035 4 20 0.87 1417 1197

15/N 5 8 0.90 1225 1033 7 12 0.87 1420 1201

20/N 7 8 0.89 1220 1032 9 12 0.86 1418 1198

Synthetic-2 1/N 0 38 0.72 1213 1020 0 42 0.70 1395 1180

F = 96, N = 96 5/N 0 15 0.86 1170 987 0 18 0.84 1332 1127

10/N 3 8 0.90 1188 1005 3 10 0.88 1370 1156

15/N 4 5 0.91 1173 990 5 6 0.90 1345 1138

20/N 5 4 0.91 1180 998 7 5 0.89 1353 1145

Synthetic-3 1/N 0 39 0.75 999 845 0 45 0.73 1153 973

F = 100,N = 120 5/N 0 15 0.89 1015 860 0 19 0.86 1165 988

10/N 0 12 0.91 1025 867 2 14 0.88 1180 997

15/N 2 8 0.92 1005 851 3 10 0.90 1155 975

20/N 4 5 0.92 1010 852 5 8 0.90 1160 980

Figure 13. Edgel map ofSpaceship.

mapsSynthetic-1, Synthetic-2andSynthetic-3. The re-
sults are summarized in Tables 3–6. The stopping cri-
terion used in the case of each of the algorithms was
identical and had an evolutionary flavor rather than an

Figure 14. SSGA results on edgel map ofSynthetic-1.

annealing-based one. The algorithm was considered to
have converged if the best solution in the population
had not changed in the past five consecutive genera-
tions. The annealing schedule for the temperature pa-
rameterT was chosen to be a geometric series of the
form Tnext = βTprev whereβ = 0.95 andTnext and
Tprev are respectively the new and previous values for
the temperature parameter at the end of each anneal-
ing step. The same annealing schedule was used for
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Figure 15. SSGA results on edgel map ofSynthetic-2.

Figure 16. SSGA results on edgel map ofSynthetic-3.

the kinetic energy demon parameterEk. Although this
geometric annealing schedule does not guarantee strict
asymptotic convergence, as the logarithmic annealing
schedule does, it has been known to give good results
in practice [49].

Based on the results in Tables 3–6, the general ob-
servation is that the hybrid evolutionary stochastic op-
timization algorithms, by and large, performed bet-
ter than their purely evolutionary counterparts. For

Figure 17. SSGA results on edgel map ofSaturn.

Figure 18. SSGA results on edgel map ofSpaceship.

comparison between the various algorithms, the fol-
lowing criteria were used:

• Figure of merit associated with the final edgel map,
• The number of generations needed for convergence,
• The execution time needed for convergence, and
• Sensitivity to the chromosome encoding scheme.

It was observed that the CGA-SA and CGA-MCA al-
gorithms performed better than the CGA and that the
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Table 3. Performance of CGA-SA on synthetic edgel maps. CGA-SAras: edgels encoded in chromo-
some in raster scan order, CGA-SAran: edgels encoded in chromosome in random order, NG: no. of
generations,T : execution time in ms,γ = δ = 1.

CGA-SAras CGA-SAran

Edgel map α Fd Nr M NG T Fd Nr M NG T

Synthetic-1 1/N 0 72 0.69 103 1046 0 75 0.68 115 1170

F = 96, N = 160 5/N 0 34 0.82 108 1095 0 37 0.81 119 1205

10/N 0 10 0.94 110 1115 2 13 0.91 116 1179

15/N 5 8 0.91 106 1077 5 18 0.86 121 1226

20/N 12 9 0.85 111 1130 13 27 0.77 115 1172

Synthetic-2 1/N 0 27 0.78 98 993 0 34 0.74 107 1086

F = 96, N = 96 5/N 0 18 0.84 95 965 0 23 0.81 102 1035

10/N 0 11 0.90 98 995 3 12 0.86 103 1047

15/N 4 12 0.86 97 987 5 13 0.84 105 1070

20/N 8 10 0.84 99 1010 10 11 0.82 109 1110

Synthetic-3 1/N 0 37 0.76 105 1071 0 41 0.75 108 1095

F = 100,N = 120 5/N 0 23 0.84 102 1040 0 32 0.79 105 1075

10/N 0 13 0.88 109 1115 3 15 0.87 113 1157

15/N 2 10 0.91 110 1125 5 14 0.86 114 1165

20/N 5 9 0.89 108 1103 7 13 0.85 111 1136

Table 4. Performance of CGA-MCA on synthetic edgel maps. CGA-MCAras: edgels encoded in
chromosome in raster scan order, CGA-MCAran: edgels encoded in chromosome in random order, NG:
no. of generations,T : execution time in ms,γ = δ = 1.

CGA-MCAras CGA-MCAran

Edgel map α Fd Nr M NG T Fd Nr M NG T

Synthetic-1 1/N 0 70 0.70 105 905 0 73 0.69 114 995

F = 96, N = 160 5/N 0 32 0.83 106 923 0 34 0.82 118 1029

10/N 0 11 0.94 109 950 2 12 0.91 114 992

15/N 4 8 0.92 105 906 5 15 0.87 116 1009

20/N 10 9 0.86 110 958 12 25 0.78 115 1002

Synthetic-2 1/N 0 25 0.79 97 845 0 32 0.75 105 917

F = 96, N = 96 5/N 0 17 0.85 93 810 0 22 0.81 101 882

10/N 0 10 0.91 97 845 3 11 0.87 105 915

15/N 3 11 0.87 95 830 5 12 0.85 106 923

20/N 8 8 0.86 98 856 9 10 0.83 108 942

Synthetic-3 1/N 0 32 0.79 103 897 0 38 0.76 105 915

F = 100,N = 120 5/N 0 22 0.85 103 900 0 30 0.80 107 930

10/N 0 10 0.92 108 841 3 13 0.88 112 975

15/N 2 9 0.91 111 966 5 12 0.87 114 991

20/N 4 9 0.90 107 932 7 11 0.86 110 960
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Table 5. Performance of SSGA-SA on synthetic edgel maps. SSGA-SAras: edgels encoded in chromosome
in raster scan order, SSGA-SAran: edgels encoded in chromosome in random order, NG: no. of generations,
T : execution time in ms,γ = δ = 1.

SSGA-SAras SSGA-SAran

Edgel map α Fd Nr M NG T Fd Nr M NG T

Synthetic-1 1/N 0 54 0.75 1032 1003 0 58 0.73 1077 1041

F = 96, N = 160 5/N 0 19 0.89 1021 984 0 23 0.87 1043 1005

10/N 3 14 0.89 1025 990 4 16 0.88 1031 1001

15/N 5 9 0.90 1025 986 6 11 0.87 1063 1035

20/N 7 7 0.90 1020 981 8 10 0.87 1087 1046

Synthetic-2 1/N 0 32 0.75 1019 981 0 37 0.72 1095 1053

F = 96, N = 96 5/N 0 12 0.89 1017 978 0 16 0.86 1062 1020

10/N 2 7 0.91 1018 980 3 9 0.89 1070 1027

15/N 3 4 0.93 1013 972 5 6 0.90 1045 1003

20/N 4 4 0.92 1018 979 6 5 0.90 1053 1011

Synthetic-3 1/N 0 21 0.85 806 775 0 25 0.83 852 815

F = 100,N = 120 5/N 0 12 0.91 811 778 0 17 0.88 870 835

10/N 0 9 0.93 813 782 2 11 0.90 872 837

15/N 2 7 0.93 821 795 4 8 0.90 855 827

20/N 4 5 0.92 818 787 5 7 0.90 863 835

Table 6. Performance of SSGA-MCA on synthetic edgel maps. SSGA-MCAras: edgels encoded in
chromosome in raster scan order, SSGA-MCAran: edgels encoded in chromosome in random order, NG:
no. of generations,T : execution time in ms,γ = δ = 1.

SSGA-MCAras SSGA-MCAran

Edgel map α Fd Nr M NG T Fd Nr M NG T

Synthetic-1 1/N 0 55 0.74 1035 910 0 58 0.73 1075 945

F = 96, N = 160 5/N 0 20 0.89 1019 898 0 22 0.88 1047 923

10/N 4 15 0.88 1020 900 6 16 0.86 1035 920

15/N 4 10 0.91 1027 903 6 12 0.88 1058 933

20/N 7 8 0.89 1018 895 8 10 0.87 1075 956

Synthetic-2 1/N 0 31 0.76 1022 901 0 36 0.73 1090 960

F = 96, N = 96 5/N 0 14 0.87 1015 893 0 17 0.85 1055 928

10/N 3 7 0.91 1015 894 5 8 0.88 1075 945

15/N 4 4 0.92 1005 886 5 5 0.91 1044 919

20/N 5 4 0.91 1012 892 6 5 0.90 1051 927

Synthetic-3 1/N 0 23 0.84 809 713 0 27 0.82 843 742

F = 100,N = 120 5/N 0 13 0.90 807 710 0 19 0.86 852 750

10/N 0 8 0.94 812 714 2 10 0.91 863 761

15/N 3 7 0.92 817 720 4 9 0.90 851 747

20/N 5 4 0.92 812 717 5 7 0.90 854 753
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SSGA-SA and SSGA-MCA algorithms performed bet-
ter than the SSGA. When comparing the CGA and the
CGA-SA algorithm, it was found that the CGA-SA
algorithm needed 30–35% fewer generations for con-
vergence. However, due to the overhead of having to
compute the Boltzmann function during population re-
placement (Fig. 3), the decrease in overall execution
time was only 15–18% compared to the CGA. The
CGA-SA algorithm, however, did exhibit greater insen-
sitivity to the value ofα and to the chromosome encod-
ing scheme used and also converged to a solution with a
higher figure of merit. The CGA-MCA algorithm, also
needed 30–35% fewer generations for convergence but
the overall decrease in computation time was approxi-
mately 25–30% compared to the CGA. Although, the
CGA-MCA algorithm does entail updating the demon
energy during population replacement (Fig. 5), this can
be accomplished with a simple addition/subtraction
operation as opposed to having to compute the expo-
nential term in the Boltzmann function (Eq. (16)) as in
the case of the CGA-SA algorithm. In terms of the fig-
ure of merit of the final solution, and the insensitivity to
the value ofα and to the chromosome encoding scheme
used, the performance of the CGA-MCA algorithm was
comparable to that of the CGA-SA algorithm. The prin-
cipal advantage of the CGA-MCA algorithm over the
CGA-SA algorithm is the shorter execution time of the
former.

When comparing the SSGA and the SSGA-SA al-
gorithm, it was noticed that the SSGA-SA algorithm
required approximately 15–20% fewer generations for
convergence as compared to the SSGA. However due
to the overhead of having to compute the Boltzmann
function, the overall reduction in execution time of the
SSGA-SA algorithm was only 5–8% compared to the
SSGA. When comparing the SSGA-MCA algorithm
with the SSGA, the SSGA-MCA algorithm was seen
to require 15–20% fewer generations for convergence
and exhibit a 12–15% reduction in execution time com-
pared to the SSGA. Both, the SSGA-MCA algorithm
and the SSGA-SA algorithm showed an improvement
over the SSGA algorithm in terms of the execution
time, figure of merit of the final result, and the insensi-
tivity to the value ofα and to the chromosome encoding
scheme used. The performance of the SSGA-MCA
algorithm was comparable to that of the SSGA-SA
algorithm in terms of the figure of merit of the final
solution and the insensitivity to the value ofα and to
the chromosome encoding scheme used. The SSGA-
MCA algorithm however showed an overall lower

execution time compared to the SSGA-SA algorithm.
This could be again attributed to the fact that updat-
ing demon energy in the case of the former is com-
putationally far less expensive compared to the com-
putation of the Boltzmann function in the case of the
latter.

For the sake of completeness, the hybrid evolution-
ary stochastic optimization algorithms were compared
with the classical SA and MCA algorithms (Tables 7
and 8). The annealing parameters used in the SA and
MCA algorithms were identical to those of their hy-
brid evolutionary counterparts. In the case of MCA,
the kinetic energy was represented by an ensemble of
demons, one demon for each edgel pair. At the end
of each annealing step, the demons were shuffled and
randomly reassigned to the edgel pairs as sugges-
ted in [15]. The SA and MCA algorithms were observed
to converge faster than their hybrid evolutionary coun-
terparts but the solutions that they converged to had a
lower figure of merit. The slower speed of the hybrid
evolutionary stochastic optimization algorithms (i.e.,
CGA-SA, CGA-MCA, SSGA-SA and SSGA-MCA)
could be attributed to the fact that, unlike SA or MCA,
they incur the overhead of having to maintain and
update a population of solution states. The fact that
the hybrid evolutionary stochastic optimization algo-
rithms converged to better solutions can be attributed
to their ability to use good partial solutions as build-
ing blocks in the process of constructing globally op-
timal solutions. The quality of solutions obtained by
SA and MCA was comparable. As expected, both SA
and MCA showed insensitivity to the chromosome en-
coding scheme employed, with the MCA exhibiting a
faster rate of convergence than SA.

In an overall comparison of all the evolutionary
stochastic optimization algorithms for figure-ground
separation that were examined in this paper, the SSGA-
MCA performed the best in terms of execution time,
number of generations needed for convergence, the
quality of the final solution (in terms of a predefined
figure of merit) and the robustness of the algorithm
to change in the threshold parameterα. The SSGA-
MCA was followed by the SSGA-SA algorithm which
matched the performance of the former in terms of all
the aforementioned criteria except for an degradation
in the execution time for reasons already mentioned.
Figures 19 and 20 show the results of the SSGA-MCA
algorithm on the edgel maps of the gray-scale images
SaturnandSpaceshiprespectively. Figures 21 and 22
show the results of the SSGA-SA algorithm on the
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Table 7. Performance of SA on synthetic edgel maps. SAras: edgels encoded in chromosome in raster
scan order, SAran: edgels encoded in chromosome in random order,N: no. of iterations,T : execution
time in ms,γ = δ = 1.

SAras SAran

Edgel map α Fd Nr M N T Fd Nr M N T

Synthetic-1 1/N 0 85 0.65 2173 981 0 88 0.65 2180 984

F = 96, N = 160 5/N 0 42 0.79 2145 968 0 43 0.79 2151 971

10/N 3 26 0.84 2148 969 4 27 0.83 2155 972

15/N 8 12 0.86 2149 969 8 14 0.85 2154 971

20/N 17 10 0.81 2153 970 18 11 0.80 2160 973

Synthetic-2 1/N 0 37 0.72 2105 950 0 39 0.71 2110 952

F = 96, N = 96 5/N 1 24 0.79 2110 952 1 25 0.79 2114 954

10/N 3 16 0.83 2112 953 4 15 0.83 2115 955

15/N 4 14 0.84 2110 952 5 15 0.83 2112 953

20/N 8 12 0.83 2107 951 9 12 0.82 2110 952

Synthetic-3 1/N 0 47 0.72 1670 754 0 49 0.71 1676 756

F = 100,N = 120 5/N 1 34 0.77 1681 759 1 35 0.77 1685 761

10/N 2 18 0.85 1680 759 2 20 0.84 1686 761

15/N 4 12 0.88 1678 758 4 14 0.86 1684 760

20/N 7 10 0.87 1675 756 7 11 0.86 1679 753

Table 8. Performance of MCA on synthetic edgel maps. MCAras: edgels encoded in chromosome in
raster scan order, MCAran: edgels encoded in chromosome in random order,N: no. of iterations,T :
execution time in ms,γ = δ = 1.

MCAras MCAran

Edgel map α Fd Nr M N T Fd Nr M N T

Synthetic-1 1/N 0 82 0.66 2317 870 0 84 0.66 2328 874

F = 96, N = 160 5/N 0 36 0.82 2335 877 0 37 0.81 2338 879

10/N 4 24 0.84 2300 863 4 25 0.83 2310 867

15/N 7 12 0.87 2305 865 7 13 0.87 2310 867

20/N 15 11 0.82 2301 863 16 11 0.81 2305 865

Synthetic-2 1/N 0 36 0.73 2190 823 0 35 0.73 2057 773

F = 96, N = 96 5/N 1 22 0.81 2180 819 2 21 0.81 2183 820

10/N 4 14 0.84 2185 821 5 15 0.83 2188 822

15/N 6 12 0.84 2188 822 7 12 0.83 2191 823

20/N 9 11 0.83 2173 816 9 12 0.82 2178 818

Synthetic-3 1/N 0 43 0.74 1825 685 0 45 0.73 1827 686

F = 100,N = 120 5/N 0 33 0.78 1821 683 1 34 0.78 1824 684

10/N 2 17 0.86 1818 682 2 19 0.85 1820 683

15/N 4 13 0.87 1817 682 4 14 0.86 1820 683

20/N 8 11 0.85 1814 681 8 12 0.85 1818 682
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Figure 19. SSGA-MCA algorithm results on the edgel map of
Saturn.

Figure 20. SSGA-MCA algorithm results on the edgel map of
Spaceship.

edgel maps of the gray-scale imagesSaturnandSpace-
shiprespectively. Figures 23 and 24 compare the con-
vergence rates of the SSGA, SSGA-SA and SSGA-
MCA on theSaturnandSpaceshipimages respectively.
As can be seen, the incorporation of stochastic hill-
climbing greatly improves the convergence rate of the
SSGA and also enables it to converge to a better solu-
tion (i.e., one with a lower energy value).

Figure 21. SSGA-SA algorithm results on the edgel map ofSaturn.

Figure 22. SSGA-SA algorithm results on the edgel map ofSpace-
ship.

7. Conclusions and Future Directions

In this paper, the problem of figure-ground separation
was tackled from the viewpoint of combinatorial op-
timization. Previous attempts have used deterministic
optimization techniques based on relaxation and gra-
dient descent-based search, and stochastic optimiza-
tion techniques based on simulated annealing (SA)
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Figure 23. Convergence curves for theSaturnimage.

Figure 24. Convergence curves for theSpaceshipimage.

and microcanonical annealing (MCA). This paper ex-
plored the use of evolutionary algorithms, in partic-
ular, the canonical genetic algorithm (CGA) and the
steady-state genetic algorithm (SSGA), in the context
of figure-ground separation.

A mathematical model encoding the figure-ground
separation problem that makes explicit the definition
of shape in terms of attributes such as cocircularity,
smoothness, proximity and contrast was described. The
model was based on the formulation of an energy func-
tion that incorporates pairwise interactions between
local image features in the form of edgels and was
shown to be isomorphic to the interacting spin (Ising)
system from quantum physics. The desired edgel map
was deemed to be the one that corresponded to a global

minimum of the energy function. Determining a global
minimum via exhaustive search would have resulted in
an algorithm with an exponential run-time complexity
whereas a deterministic optimization technique based
on local search would have been trapped in one of the
several local minima in the energy function landscape
thereby forgoing a desired global minimum. A stochas-
tic optimization technique that could avoid local min-
ima and asymptotically converge to a global minimum
with unit probability was clearly called for.

In spite of the computational advantage derived from
the Schema Theoremand their inherent parallelism,
evolutionary algorithms like the CGA and the SSGA
were seen to suffer from certain inherent drawbacks in
the context of the figure-ground separation problem.
The CGA and SSGA showed a great degree of sensi-
tivity to the value of the thresholdα as well as to the
manner in which the edgel map was encoded in the
form of a chromosome. The absence of a hill climbing
mechanism resulted in a large number of generations
(and a correspondingly high execution time) for the
convergence of the CGA and SSGA. The incorpora-
tion of a deterministic hill-climbing mechanism drove
the CGA and SSGA towards premature convergence
to a local minimum, i.e., a suboptimal solution. With a
view towards alleviating these shortcomings, the paper
considered the use of hybrid evolutionary stochastic
optimization algorithms that combined the stochastic
hill-climbing and asymptotic convergence properties
of stochastic annealing algorithms with thebuilding
blocksproperty of evolutionary algorithms.

The paper examined four hybrid evolutionary
stochastic optimization algorithms in the context of the
figure-ground separation problem:

• CGA-SA, a combination of the CGA and SA origi-
nally proposed by Mahfoud and Goldberg [46],
• CGA-MCA, a combination of the CGA and MCA

proposed in this paper,
• SSGA-SA, a combination of the SSGA and SA pro-

posed in this paper, and
• SSGA-MCA, a combination of the SSGA and MCA

proposed in this paper.

The hybrid evolutionary stochastic optimization algo-
rithms were found to outperform their purely evolu-
tionary counterparts when compared using synthetic
edgel maps. The SSGA-MCA and SSGA-SA algo-
rithms were shown to perform the best and second best
respectively. Results of the CGA, SSGA, SSGA-MCA
and SSGA-SA on edgel maps derived from gray-scale
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images underscore the advantages of the hybrid evolu-
tionary stochastic optimization algorithms. When com-
pared to the classical SA and MCA algorithms, the
hybrid evolutionary algorithms were observed to be
slower due to the overhead of having to maintain and
update a population of solution states. But the hybrid
evolutionary algorithms were seen to converge to bet-
ter solutions (i.e., with lower energy or higher figure
of merit) compared to the solutions obtained using the
classical SA or MCA algorithms.

The intent of this paper was to show how the incorpo-
ration of classical stochastic hill-climbing techniques
such as those employed by classical SA and MCA could
improve the performance of classical GA-based algo-
rithms such as the CGA and SSGA. It must be noted
however, that we have not used the most recent SA or
MCA algorithms such as those based on Adaptive SA
(ASA) and fat-tailed SA with Cauchy annealing. Also,
we have not used the most recent GA-based algorithms
such as those based on messy GAs. Hybrid evolution-
ary stochastic optimization algorithms that combine the
modern developments in SA, MCA and the GA were
beyond the scope of this paper but will be pursued in
our future research on hybrid evolutionary stochastic
optimization algorithms. Future research will consider
issues related to the parallelization of the aforemen-
tioned hybrid evolutionary stochastic optimization al-
gorithms. Neural network structures that are capable of
hybrid evolutionary optimization will be investigated.
Other problems in computer vision such as shape from
stereo, motion analysis and image segmentation will
also be investigated.
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